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Abstract
The processes e+e− → K±K∗∓(892) and e+e− → ηφ(1020) are calculated in the framework of the extended
Nambu-Jona-Lasinio model. The intermediate vector mesons ρ(770), ω(782), φ(1020) and their first radially-
excited states are taken into account. The obtained results are in satisfactory agreement with the experimental
data. The predictions for the cross sections of the reactions e+e− → K±K∗∓(1410), e+e− → η′(958)φ(1020)
and e+e− → ηφ(1680) were made.
1 Introduction
In recent years, the processes of meson production at colliding of electron-positron beams at
low energies (
√
s ≤ 2 GeV) is actively investigated at various experimental facilities, for instance,
BaBar, Belle, CMD-3 and others [1, 2, 3]. Concerning theoretical research, the main difficulty is
inability to use the perturbation theory of quantum chromodynamics at low energies. Thus, one
has to apply various phenomenological models. They are generally based on the chiral symmetry
of strong interactions and principles of the vector meson dominance [3].
One of the most successful phenomenological models of this type is the Nambu-Jona-Lasinio
(NJL) model [4, 5, 6, 7, 8, 9, 10] and its new version called the extended NJL model [10, 11, 12,
13], which allow one to describe mesons in both ground and first radially-excited states. Unlike
other phenomenological models they are based on the principle of spontaneous breaking of chiral
symmetry and include a minimal amount of arbitrary parameters. This increases their prediction
power, as shown in [3].
Until now, in the framework of the NJL models, the processes of non-strange meson pro-
duction in electron-positron annihilation have been described. In the present paper, it is shown
that using these models one can successfully describe the meson production involving s-quarks.
The Feynman diagrams of the reactions considered in this work have an anomal quark triangle
like the processes described earlier: e+e− → pi0(pi0′)γ [14], e+e− → pi0ω [15], e+e− → pi0ρ0 [16],
e+e− →
[
η, η
′
, η(1295), η(1475)
]
γ [17].
The obtained results are compared with the experimental data [1, 2] and some theoretical
results [18]. Besides, a series of predictions is made.
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2 The Lagrangian of the extended NJL model for the mesons
K±, η, η′, K∗±, φ, ω, ρ
In the extended NJL model, the quark-meson interaction Lagrangian for pseudoscalar
K±, η, η′, vector K∗±, φ, ω, ρ mesons in the ground and first radially excited states takes the form:
∆Lint(q, q¯, η, η
′K,K∗, φ, ω, ρ) = q¯
iγ5 ∑
j=±
λj(aKK
j + bKKˆ
j)
+
1
2
γµλρ(aρρµ + bρρˆµ) +
1
2
γµλω(aωωµ + bωωˆµ) +
1
2
γµλφ(aφφµ + bφφˆµ)
+
1
2
γµ
∑
j=±
λj(aK∗K
∗j
µ + bK∗Kˆ
∗j
µ ) + iγ
5
∑
j=u,s
λj
∑
η˜=η,η′ ,ηˆ,ηˆ′
Ajη˜η˜
 q, (1)
where q and q¯ are the u-, d- and s- constituent quark fields with masses mu = md = 280 MeV,
ms = 420 MeV [13, 19], η, η
′, K±, K∗±, ρ, ω and φ are the pseudoscalar and vector mesons, the
excited states are marked with hat,
aa =
1
sin(2θ0a)
[
ga sin(θa + θ
0
a) + g
′
afa(
~k2) sin(θa − θ0a)
]
,
ba =
−1
sin(2θ0a)
[
ga cos(θa + θ
0
a) + g
′
afa(
~k2) cos(θa − θ0a)
]
, (2)
Ajη˜ = g
j
1b
j
η˜1 + g
j
2fj(~k
2)bjη˜2,
f
(
~k2
)
= 1 + d~k2 is the form factor for the description of the first radially excited states [11, 12], d
is the slope parameter, θa and θ
0
a are the mixing angles for the strange mesons in the ground and
excited states
duu = −1.784GeV−2, dus = −1.761GeV−2, dss = −1.737GeV−2,
θK = 58.11
◦, θK∗ = 84.74◦, θρ = θω = 81.8◦, θφ = 68.4◦,
θ0K = 55.52
◦, θ0K∗ = 59.56
◦, θ0ρ = θ
0
ω = 61.5
◦, θ0φ = 57.13
◦. (3)
The insertion of the pseudoscalar isoscalar fields requires consideration of the mixing of the
four different states: η, η′(958), η(1295), η(1475), which are marked as η, η′, ηˆ, ηˆ′. The last two ones
are considered as the first radially excited states of the η and η′ mesons; bjη˜1 and b
j
η˜2 are the mixing
coefficients shown in Table 1 [13].
Table 1: The mixing coefficients for the η-mesons.
η ηˆ η′ ηˆ′
buη˜1 0.71 0.62 -0.32 0.56
buη˜2 0.11 -0.87 -0.48 -0.54
bsη˜1 0.62 0.19 0.56 -0.67
bsη˜2 0.06 -0.66 0.30 0.82
These coefficients were successfully applied for description of a series of processes with the
η-mesons [13, 20].
The matrices
2
λρ =
 1 0 00 −1 0
0 0 0
 , λω =
 1 0 00 1 0
0 0 0
 , λφ = √2
 0 0 00 0 0
0 0 1
 ,
λ+ =
√
2
 0 0 10 0 0
0 0 0
 , λ− = √2
 0 0 00 0 0
1 0 0
 ,
λu =
 1 0 00 1 0
0 0 0
 , λs = −√2
 0 0 00 0 0
0 0 1
 . (4)
The coupling constants:
gK =
(
4
ZK
I2(mu,ms)
)−1/2
≈ 3.77, g′K =
(
4I
f2us
2 (mu,ms)
)−1/2 ≈ 4.69,
gK∗ =
(
2
3
I2(mu,ms)
)−1/2
≈ 6.81, g′K∗ =
(
2
3
I
f2us
2 (mu,ms)
)1/2
≈ 11.49,
gρ = gω =
(
2
3
I2(mu,mu)
)−1/2
≈ 6.14, g′ρ = g
′
ω =
(
2
3
I
f2uu
2 (mu,mu)
)1/2
≈ 9.87,
gφ =
(
2
3
I2(ms,ms)
)−1/2
≈ 7.5, g′φ =
(
2
3
I
f2ss
2 (ms,ms)
)1/2
≈ 13.19,
gu1 =
(
4
Zpi
I2(mu,mu)
)−1/2
≈ 3.02, gu2 =
(
4I
f2uu
2 (mu,mu)
)−1/2 ≈ 4.03,
gs1 =
(
4
Zs
I2(ms,ms)
)−1/2
≈ 4.41, gs2 =
(
4I
f2ss
2 (ms,ms)
)−1/2 ≈ 5.39, (5)
where
Zpi =
(
1− 6 m
2
u
M2a1
)−1
≈ 1.45, Zs =
(
1− 6 m
2
s
M2f1
)−1
≈ 2.09,
ZK =
(
1− 3
2
(mu +ms)
2
M2K1
)−1
≈ 1.83, (6)
Zpi is the factor corresponding to the pi− a1 and η− a1 transitions, ZK is the factor corresponding
to the K − K1 transitions, Zs is the factor corresponding to the η − f1 transitions, Ma1 = 1230
MeV, MK1 = 1272 MeV, Mf1 = 1426 MeV [21] are the masses of the axial-vector a1, K1 and f1
mesons, and the integral I2 has the following form:
If
n
2 (m1,m2) = −i
Nc
(2pi)4
∫ fn(~k2)
(m21 − k2)(m22 − k2)
θ(Λ23 − ~k2)d4k, (7)
Λ3 = 1.03 GeV is the cut-off parameter [13].
All these parameters were calculated earlier and are standard for the extended NJL model.
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Figure 1: The processes e+e− → K±K∗∓(892) with an intermediate photon (contact diagram).
Figure 2: The processes e+e− → K±K∗∓(892) with the intermediate vector mesons.
3 The amplitude of the processes e+e− → K±K∗∓(892)
The diagrams of the processes e+e− → K±K∗∓(892) are shown in Figs.1,2.
The appropriate amplitude takes the form:
T =
8piαem
s
lµ
{
B(γ) +B(ρ+ρˆ) +B(ω+ωˆ) +B(φ+φˆ)
}
µν
eνλδσpKδpK∗σK
∗
λ, (8)
where s = (p(e−) + p(e+))2, lµ = e¯γµe is the lepton current. The contribution of the contact
diagram is
B(γ)µν =
2
3
[
2msI
γK∗K
21 (mu,ms)−muIγK
∗K
12 (mu,ms)
]
gµν , (9)
where γ = 1.
The contribution of the diagrams with the intermediate ρ-meson is
4
B(ρ+ρˆ)µν =
ms
gρ
[
Cρ
gµνs− qµqν
M2ρ − s− i
√
sΓρ
IρK
∗K
21 (mu,ms) + e
ipiCρˆ
gµνs− qµqν
M2ρˆ − s− i
√
sΓρˆ
I ρˆK
∗K
21 (mu,ms)
]
.
(10)
The contribution of the diagrams with the intermediate ω-meson is
B(ω+ωˆ)µν =
ms
3gω
[
Cω
gµνs− qµqν
M2ω − s− i
√
sΓω
IωK
∗K
21 (mu,ms) + e
ipiCωˆ
gµνs− qµqν
M2ωˆ − s− i
√
sΓωˆ
I ωˆK
∗K
21 (mu,ms)
]
.
(11)
The contribution of the diagrams with the intermediate φ-meson is
B(φ+φˆ)µν = −
2mu
3gφ
Cφ gµνs− qµqν
M2φ − s− i
√
sΓφ
IφK
∗K
12 (mu,ms) + e
ipiCφˆ
gµνs− qµqν
M2
φˆ
− s− i√sΓφˆ
I φˆK
∗K
12 (mu,ms)
 .
(12)
Mρ = 775 MeV, Mρˆ = 1465 MeV, Mω = 783 MeV, Mωˆ = 1420 MeV, Mφ = 1019 MeV, Mφˆ = 1680
MeV, Γρ = 149 MeV, Γρˆ = 400 MeV, Γω = 8 MeV, Γωˆ = 215 MeV, Γφ = 4 MeV, Γφˆ = 150 MeV
are the masses and the full widths of the intermediate vector mesons [21].
Unfortunately, the NJL model can not describe relative phase between ground and excited
states. Thus, we should get phase from e+e− annihilation experiments [22]. Similarly to our
previous works [3], we use the factor eipi for the excited states.
The numerical coefficients Ca are obtained from the quark loops in the transitions of the
photon into the intermediate vector mesons:
Ca =
1
sin (2θ0a)
[
sin
(
θa + θ
0
a
)
+RV sin
(
θa − θ0a
)]
, (13)
RV =
If2 (m1,m2)√
I2(m1,m2)I
f2
2 (m1,m2)
,
where m1 and m2 are the masses of the u-quarks or the s-quarks depending on the quark structure
of the intermediate vector meson. The integrals
Iabcmn(mu,ms) = −i
Nc
(2pi)4
∫ a(~k2)b(~k2)c(~k2)
(m2u − k2)m(m2s − k2)n
θ(Λ23 − ~k2)d4k, (14)
are obtained from the quark triangles, a(~k2), b(~k2) and c(~k2) are the coefficients from the La-
grangian defined in (2).
4 The amplitude of the process e+e− → ηφ(1020) in the extended NJL
model
The diagrams of the process e+e− → ηφ(1020) are shown in Figs.3,4.
The appropriate amplitude takes the form:
T =
4piαem
s
lµ
8ms
3s
{
Iγφη03 (mu,ms)gµν +
Cφ
gφ
Iφφη03 (mu,ms)
gµνs− qµqν
M2φ − s− i
√
sΓφ
5
Figure 3: The process e+e− → ηφ(1020) with an intermediate photon (contact diagram).
Figure 4: The process e+e− → ηφ(1020) with the intermediate vector mesons.
+eipi
Cφˆ
gφ
I φˆφη03 (mu,ms)
gµνs− qµqν
M2
φˆ
− s− i√sΓφˆ
 eνλδσpηδpφσφλ. (15)
5 Numerical estimations
The cross section of the processes e+e− → K±K∗∓(892) is shown in Fig.5. The solid line
corresponds to our theoretical cross section. The points correspond to the experimental values
[1]. It is interesting to note, that the minimal value of the full width of ρ(1450) (Γρˆ = 340 MeV)
provides a slight left shift and increase the theoretical peak. The appropriate theoretical cross
section is shown by dashed line.
The cross section of the process e+e− → φ(1020)η is shown in Fig.6. The solid line cor-
responds to our theoretical cross section. The triangle points correspond to the experimental
values from CMD-3 [2], the round points correspond to the experimental values from the BaBar
Collaboration [1].
The processes with excited mesons in the final states and with the η
′
(958) meson were
6
Figure 5: The cross section of the processes e+e− → K±K∗∓(892).
Figure 6: The cross section of the process e+e− → ηφ(1020).
calculated similarly.
The cross section of the processes e+e− → K±K∗∓(1410), e+e− → η′φ(1020) and e+e− →
ηφ(1680) are shown in Fig.7,8,9.
Figure 7: The cross section of the processes e+e− → K±K∗∓(1410).
The last three predictions are in the energy range where the NJL model can provide only
qualitative estimations.
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Figure 8: The cross section of the process e+e− → η′φ(1020).
Figure 9: The cross section of the process e+e− → ηφ(1680).
6 Conclusion
As already mentioned in Introduction, the NJL model does not require any additional fitting
parameters for description of the experimental data. Indeed, it includes a small amount of the
model parameters to describe the meson interactions: quark masses, the cut-off parameter and
the ’t Hooft parameter. The spontaneous breaking of chiral symmetry of strong interactions have
allowed us to describe different processes of meson interactions at low energies [3, 8, 9, 10, 13].
Therefore, describing a wide range of processes, we can not provide high precision for each of them.
However, we obtain satisfying agreement with the experimental data.
The main peak of cross section of the processes e+e− → K±K∗∓(892) calculated in this
work is shifted to the right with respect to experimental points. However, the minimal value of the
full width of ρ(1450) provides a slight left shift of the theoretical peak. The theoretical description
of this reaction was successfully made in [18] within the framework of chiral effective field theory,
but the fitting parameters were used there and the first peak was not described.
The cross section of the process e+e− → ηφ(1020) obtained in the present paper, include
one resonance which is consistent with the experimental data from BaBar and CMD-3. However
the BaBar experimental results include the second peak which is absent in the results from CMD-
3. Thus the behavior of our theoretical cross section is in better agreement with the CMD-3
experimental data.
The reactions considered in the present work may be useful for the description of the
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processes e+e− → KK(η, η′(958), pi). The qualitative estimations of the cross sections of the
processes with the first radially-excited mesons and η
′
meson in the final states are made.
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